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In this paper, laminar forced convection flow of Al2O3–water nanofluid in sinusoidal-wavy
channel is numerically studied. The two-dimensional governing equations of continuity,
momentum and energy equations in body-fitted coordinates are solved using finite
volume method. The sinusoidal-wavy channel with four different phase shifts of 01, 451,
901 and 1801 are considered in this study. The results of numerical solution are obtained
for Reynolds number and nanoparticle volume fractions ranges of 100–800 and 0–5%,
respectively. The effect of phase shift, nanoparticle volume fraction and Reynolds number
on the streamline and temperature contours, local Nusselt number, local skin friction
coefficient, average Nusselt number, non-dimensional pressure drop and thermalhydrau-
lic performance factor have been presented and analyzed. Results indicate that the
optimal performance is achieved by 01 phase shift channel over the ranges of Reynolds
number and nanoparticles volume fractions.
& 2014 The Authors. Published by Elsevier Ltd. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/3.0/).1. Introduction
Research on the techniques to enhance the heat transfer rate in heat exchangers has become very important and necessary,
in most engineering applications, to design more compact heat exchanger and to achieve higher thermal performance.
Therefore, wavy channels can be used instead of conventional channels (i. e. plain channels) to enhance the thermal
performance of heat exchangers due to improve the fluid mixing in such channels. In addition, improving the thermophysical,
such as thermal conductivity, of heat transfer fluids can be enhance the heat transfer rate as well. For this purpose, suspending
naonparticles to the working fluids such as water lead to further enhancement in thermal performance of heat exchangers.
Many numerical and experimental studies on the forced convection flow in a wavy channels using conventional fluids are
available in the literature [1–8]. These studies showed that the heat transfer rate increased but there is also increase in friction
factor as a compared with the results of straight channels. On other hand, the convective heat transfer of nanofluid in channels
has been numerically and experimentally investigated by many researchers [1–13]. Laminar forced convection of copper–water
nanofluid in straight channel was numerically studied by Santra et al. [14]. Results indicated that the heat transfer rate increaseder Ltd. This is an open access article under the CC BY-NC-ND license
.
hanical Engineering, College of Engineering, University of Anbar Ramadi, Anbar, Iraq. Tel.: þ60
du.iq, moh0891@yahoo.com (M.A. Ahmed).
Nomenclature
a amplitude of wavy channel, m
Cfx local skin-friction coefficient
Dp dimensionless pressure drop, (Dp¼Δp/ρfuin2 )
dp particle diameter, m
df diameter of the base fluid molecule, m
Cp specific heat, J/Kg K
Dh hydraulic diameter, m (Dh¼2H)
f friction factor
h heat transfer coefficients, (W/m2 1C)
H average spacing between the walls of
channel, m
J Jacobian of transformation
K thermal conductivity, W/m 1C
Nu Nusselt number, (Nu¼hDh/Kf)
p pressure, Pa
P dimensionless pressure
PF thermalhydraulic performance factor
Pr Prandtl number
Re Reynolds number, (Re¼ρnfuin Dh/μnf)
T temperature, 1C
To reference temperature, 273 K
u,v velocities components, m/s
U, V dimensionless velocity component
x, y 2D cartesian coordinates, m
X, Y dimensionless cartesian coordinates
Greek symbols
ζ, η body-fitted coordinates
α thermal diffusivity, m2/s
β fraction of liquid volume traveling with a
particle
β11, β12 transforming coefficients
β21, β22 transforming coefficients
γ phase shift of the wavy wall
λ wavelength of the wavy channel, m
ϕ volume fraction of particles, %
μ dynamic viscosity, N s/m2
ρ density, kg/m3
κ Boltzmann constant, 1.38110–23 J/k
θ dimensionless temperature
Δp Pressure drop, Pa
Subscripts
av average value
eff effective
f base fluid
in inlet
nf nanofluid
p particles
s straight channel
w wall
x local value
M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165154as Reynolds number and nanoparticles volume friction increase. Abu-Nada [15] numerically investigated of the convective heat
transfer of nanofluids flow over a backward facing step. It was found that the heat transfer rate increased with nanoparticles
volume fraction. Manca et al. [16] and Mohammed et al. [17] numerically studied of the convective heat transfer of nanofluid in a
ribbed channel. Results showed that Nusselt number increased with nanoparticles volume fraction, but it is accompanied by
increasing in pressure drop. Heidary and Kermani [18] studied on the forced convection flow of nanofluid in a wavy channel with
1801 phase shift. It was found that the Nusselt number increased with Reynolds number, amplitude of wavy channel as well as
nanoparticles volume fraction. Heat transfer enhancement and pressure drop of copper–water nanofluid in a triangular-
corrugated channel was studied numerically by Ahmed et al. [19] using finite difference method. It was found that the heat
transfer rate increased with the nanoparticle volume fraction. Ahmed et al. [20] numerically investigated of convective heat
transfer inwavy channel using copper–water nanofluid. In this study, the phase shift between the upper and lower walls of wavy
channel was 1801. Results displayed that the heat transfer rate increased with Reynolds number, amplitude of wavy wall, and
nanoparticle volume fraction. Recently, Ahmed et al. [21] studied on convective heat transfer of copper–water nanofluid in
trapezoidal-corrugated channel numerically using finite volume method. It was found that the average Nusselt number enhances
with increasing the Reynolds number, amplitude of corrugated channel and nanoparticle volume fraction but this enhancement
was accompanied by increasing the pressure drop Table 1.
Based on the above literature review, it can be observed that the effect of wavy-wall phase shift on the thermalhydraulic
performance of nanofluid flow in sinusoidal-wavy channel has never reported. Thus, the objective of this study is toTable 1
Thermophysical properties of nanoparticles and base fluid at T¼300 K [17].
Material ρ (kg/m3) Cp (J/kg k) K (W/mk) m (kg/m s)
Water 996.5 4181 0.613 0.001
Al2O3 3600 765 36 –
M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165 155investigate the effect of phase shift on the thermalhydraulic performance of Al2O3–water nanofluid in sinusoidal channel
numerically using finite volume method.
2. Mathematical model
2.1. Problem description and governing equations
The schematic diagram of sinusoidal-wavy channel with different phase shifts is shown in Fig. 1. The model consists of
upper and lower walls with average spacing between these walls of (H). The amplitude and the wavelength of wavy wall are
(a¼0.2H) and (λ¼2H), respectively. The phase shifts between the upper and lower walls of wavy channel (γ) are 01, 451, 901
and 1801. In this study, the wavy channels consist of eight waves. Two straight-adiabatic sections, with axial length for each
section of (4H), which are located downstream and upstream of the wavy channels, are used in this study to provide a good
conditions for inlet and outlet of the wavy channel. It can be assumed that the mixture of water and spherical particles of
alumina is homogenous and nanofluid is assumed as Newtonian fluid. The diameter of particles is 30 nm.
Governing equations in non-dimensional form and in term of body-fitted coordinates for steady, laminar, incompressible
and two-dimensional flow are as follows [22]:
Continuity equation:
∂Uc
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Fig. 1. Physical model of the present study.
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Uc ¼ UYηVXη;Vc ¼ UYζþVXζ ; J ¼ XζYηXηYζ ; β11 ¼ ðY2ηþX2η Þ=J
β22 ¼ ðX2ζ þY2ζ Þ=J; β12 ¼ β21 ¼ ðXζXηþYζYηÞ=J ð5Þ
The dimensionless quantities that are used in the governing equations are defined as:
X ¼ x
Dh
; Y ¼ y
Dh
; U ¼ u
uin
; θ¼ TTin
TwTin
; P ¼ p
ρnf u2in
ð6Þ2.2. Boundary conditions
Non-dimensional boundary conditions that are used in this study are defined as follows:i. At the channel entrance:
U ¼ 32 1 yðH=2Þ
h i2
; where H=2ryrH=2
V ¼ 0; θ¼ 0 ð7aÞii. At the channel outlet:
∂U
∂X
¼ 0; ∂V
∂X
¼ 0; ∂θ
∂X
¼ 0 ð7bÞiii. At the walls of straight sections:
U ¼ 0; V ¼ 0; ∂θ
∂Y
¼ 0 ð7cÞiv. At the walls of corrugated section:
U ¼ 0; V ¼ 0; θ¼ 1 ð7dÞ2.3. Thermophysical properties of nanofluid
The thermophysical properties of Al2O3–water nanofluid are as follows:i. Effective density:
The effective density of nanofluid is [23],
ρnf ¼ ð1ϕÞρf þϕρp ð8Þii. Heat capacity:
The heat capacity of nanofluid is given by [23]
ðρCPÞnf ¼ ð1ϕÞðρCPÞf þϕðρCPÞp ð9Þiii. Dynamic viscosity:
The effective dynamic viscosity of nanofluid is [23]
μnf
μf
¼ 1
134:87ðdp=df Þ0:3ϕ1:03
ð10Þiv. Effective thermal conductivity:
The effective thermal conductivity of nanofluid is defined as follows [24]:
kef f ¼ kstaticþkBrownian ð11Þ
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kstatic ¼ kf
kpþ2kf
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Fig. 2. Comparison of the results for (a) water flow in wavy channel, and (b) nanofluid flow between two parallel plates.
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The governing of continuity, momentum and energy equations in non-dimensional form are discretized using finite
volume method and solved iteratively using the SIMPLE algorithm [25]. The convection term is discretized using power-law
scheme and the collocated grid arrangement is used to store all physical variables, such as velocities, temperature and
pressure, in the same nodes of computational domain [26]. Further, Poisson equations are solved to develop the
computational domain of present study. The under-relaxation of velocities, pressure and temperature is applied to achieve
the convergence of numerical solution and the convergence criterion for all variables is set to 10–5.
After solving the governing equations, some useful parameters can be determined. For example, the local Nusselt number
at the walls of wavy channel can be defined as
Nux ¼ 
knf
kf
∂θ
∂Y
ð16Þx/H
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Fig. 3. Grid independence test at Re¼300, ϕ¼0 and γ¼180o (a) local Nusselt number; (b) local skin friction coefficient.
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channel:
Nuav ¼
1
8λ
Z 10λ
2λ
Nux dx ð17Þ
The local skin-friction coefficient at the walls of sinusoidal-wavy channel is
Cf x ¼
2
Re
∂U
∂Y
				
x;w
ð18Þ
The friction factor is calculated as
f ¼Δp Dhð8λÞ
2
ρnf u2in
ð19Þ
The thermalhydraulic performance factor of the sinusoidal-wavy channel is evaluated as
PF¼ ðNuav=Nuav;sÞ
ðf =f sÞ1=3
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Fig. 4. Streamlines contours for different phase shifts and Reynolds numbers at ϕ¼5%.
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In order to validate the CFD code which is developed in this study, the average Nusselt number for water (ϕ¼0%) flow in
sinusoidal-wavy channel has been calculated and compared with previous numerical results of Heidary and Kermani [18].
According to Fig. 2(a), the results are in good agreement. In addition, average Nusselt number for copper–water nanofluid
flow in a straight channel is obtained and compared with previous numerical results of Santra et al. [14] as presented in
Fig. 2(b). In order to test the grid independence, the local Nusselt number and the local skin friction coefficient over the
lower wall of sinusoidal channel are calculated at Re¼300, ϕ¼0 and γ¼1801 for different grid size as depicted in Fig. 3.
It was observed that 48161 nodes can give grid independent solution.5. Results and discussion
The streamlines and isotherms contours for nanofluid flow in a wavy channel with different phase shifts at Reynolds
number of 100 and 500 and ϕ¼5 are shown in Figs. 4 and 5. Generally, the streamlines and isotherms contours are
symmetric about axial direction in the γ¼1801 channel, while the contours are asymmetric in γ¼01, 451 and 901 channels.
When the fluid flowing in such channels, the reversal flow occurs in trough (crest) of lower (upper) wall, see Fig. 4.
As Reynolds number increases (Re¼500), the size of secondary flow regions increases and hence increase the strength of
these regions to the main flow, therefore the flow becomes more disturbed. Furthermore, the core fluid must turn to pass
through the γ¼01, 451 and 901 channels, as reported by Rush et al. [2], and interacts more with the secondary flow regions.
This mechanism can improve the fluid mixing in core with that near the walls. It can be seen from isotherms contours, Fig. 5,
that the thickness of thermal boundary layer decreases and the temperature gradient at the upper and lower walls of wavy
channel increases as Reynolds number increases for all phase shifts due to improve the mixing in these channels.0.933
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Fig. 5. Isotherms contours for different phase shifts and Reynolds numbers at ϕ¼5%.
M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165 161The local Nusselt number distributions along the upper wall of the fourth wave is depicted in Fig. 6(a). It can be clearly
seen that in the γ¼01 channel, the maximum and minimum values of Nusselt number occurs upstream and downstream
within a short distance of the trough. This is because the former has higher temperature gradients than the latter and hence
a higher heat transfer rate at this location. Furthermore, a wavy channel with γ¼451, 901 and 1801 display the same trend
but with a phase shifts between the maximum and minimum values of Nusselt number. Moreover, since the fluid mixing is
poor in straight channel and thermal boundary layer is thicker than that for the wavy channels, the local Nusselt number is
lower than that for wavy channel with all phase shifts, as expected. Fig. 6(b) gives the variation of local skin friction
coefficient along the upper wall of the fourth wave. Generally, friction coefficient for straight channel is constant at any axial
location because the flow has been assumed fully developed at the inlet of channel. It can also be observed that in the γ¼01
channel, the maximum friction coefficient is located at trough of the wavy wall due to high velocity gradient at this location.
While the minimum value occurs downstream the crest within a short distance because the low velocity gradient in
recirculation regions. Furthermore, a similar behavior it is found for γ¼451, 901 and 1801 channels but with a phase shifts
between the maximum and minimum values of friction coefficients. Also, the skin friction coefficient has a negative value inx/H
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Fig. 6. Variation of (a) local Nusselt number; (b) local skin friction coefficient along the upper wavy wall at Re¼300 and ϕ¼5%.
M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165162crest of wavy channel for all phase shifts. This because of the velocity inside recirculation regions in opposite direction to the
main flow and hence a negative velocity gradient and skin friction in these regions.
Fig. 7. shows the effect of nanoparticles volume fractions on the average Nusselt number for different phase shifts.
According to Fig. 7(a), for any phase shift of wavy channel, the average Nusselt number increases with nanoparticles volume
fraction due to improve thermal conductivity of the base fluid. It is also found that at particular nanoparticles volume
fraction, the average Nusselt number increases as phase shift decreases because of fluid mixing is improved when the phase
shift decreases, as mentioned above. The effect of Reynolds number on the average Nusselt number is presented in Fig. 7(b).
Generally, the average Nusselt number increases with Reynolds number due to decrease the thermal boundary layer
thickness as a results the temperature gradient at the walls of channel increases. Further, the phase shift has a slight effects
on Nusselt number at Re¼100, while it has clear effect at higher Reynolds number. Because of as Reynolds number
increases, the recirculation regions increase in size and flow becomes more disturbed. So that, the fluid mixing is better and
hence a higher heat transfer rate.Nanoparticle volume fraction(%)
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M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165 163Fig. 8(a) displays the variation of the non-dimensional pressure drop with nanoparticles volume fractions for different
phase shifts at Re¼800. As expected, the pressure drop increases as nanoparticles volume fraction increases due to increase
the density and viscosity of nanofluid as well as the random movements of solid particles also increase. Further, it can be
clearly seen that the γ¼01 channel has a highest pressure drop over the range of nanoparticles volume fraction followed by
γ¼451, 1801 and 901 channels because the flow becomes more disturbed especially in γ¼01 channel. The non-dimensional
pressure drop versus Reynolds number at ϕ¼5% is presented in Fig. 8(b). As expected, the non-dimensional pressure drop
decreases when Reynolds number increases for all phase shifts tested in this study. It is also found that at low Reynolds
number (Re¼100), the γ¼1801 channel displays a highest pressure drop, while the γ¼01 channel provide a highest pressure
drop when Re4200 because of the flow become more disturbed in this channel (i. e. γ¼01 channel) as Reynolds number
increases and hence a highest pressure drop penalty.
The effect of nanoparticles volume fraction on the thermalhydraulic performance at Re¼800 is illustrated in Fig. 9(a).
It can be explicitly seen that the performance factor increases with increasing in the nanoparticles volume fraction due to
improve thermal conductivity of the base fluid. On other hand, it can be observed that the performance factor increases with
Reynolds number for all phase shifts, as shown in Fig. 9(b). It can also be noted from Fig. 9(a) and (b), the performance factorNanoparticle volumefraction (%)
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M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165164increases as phase shift decreases at particular nanoparticles volume fraction or Reynolds number, respectively, due to
improve the fluid mixing and consequently improve the heat transfer rate. On other word, the γ¼01 channel provide a best
thermalhydraulic performance among all channels. Finally, the maximum performance factor is around 1.45 which is
achieved in 01 phase shift channel at Re¼800 and ϕ¼5%.6. Conclusion
In this paper, laminar forced convection flow of Al2O3–water nanofluid in sinusoidal-wavy channel with different phase
shifts has been numerically investigated. The two-dimensional governing equations in body-fitted coordinates were solved
M.A. Ahmed et al. / Case Studies in Thermal Engineering 4 (2014) 153–165 165using finite volume method. This study covers Reynolds number and nanoparticle volume fractions in the range of 100–800
and 0–5%, respectively. The effect of phase shift, nanoparticle volume fraction as well as Reynolds number on the flow and
thermal characteristics were presented and discussed. Results show that the average Nusselt number for all channels
increases with the increase of Reynolds number and nanoparticles volume fraction. Also, the average Nusselt number
increase when the phase shift decreases. On other hand, the non-dimensional pressure drop increases with nanoparticles
volume fraction, while it is decreases as Reynolds number increases. For Re4200, the 01 phase shift channel provide a
highest pressure drop followed by 451, 1801 and 901 phase shift channels over nanoparticles volume fraction range, while
for Rer200, the wavy channel with 180o phase shift has a highest pressure drop. However, the sinusoidal-wavy channel
with 01 phase shift provide a best thermalhydraulic performance among all channels over Reynolds number and
nanoparticles volume fractions ranges. Therefore, the sinusoidal-wavy channel with 01 phase shift is theoretically
recommended as the optimal structures to achieve a best performance and more compact design for heat exchangers.Acknowledgments
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